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ABSTRACT 

Advection flow is a dominating physical mechanism of contaminant transport over geologic 
fractured media. Natural fractures often combine into percolation cluster, having fractal 
properties. As a result long-ranged correlations arise in the fluctuating velocity field of infiltration 
flux. The presence of preferred direction due to the gravity force leads to the strong anisotropy of 
the advection velocity field. Two basic dimensionless parameters  and  determine 
power exponents in the flux correlation spatial decay and anisotropy property, respectively. The 
values of these parameters are the key factors determining transport regimes. In the parameter 
domain expressed by inequalities  and 

0h > 1β >

( )1 2hβ + < 1 2< β < , anisotropic super-diffusion regime is 

realized. When the inequalities , 1h < ( )1 h 2β + >  are valid, a compromise arises between two 
various transport regimes that is super-diffusion along the vertical direction and classical 
diffusion in horizontal plane. Concentration decay at long distances (in concentration tails) is of 
exponential type. Horizontal size of concentration signal undergoes to contraction at 
asymptotically large distances. Anomalous transport modes are realized at times when the 
contaminant plume sizes are much less than the correlation length, which is an upper bound of the 
fractality interval. At the later times contaminant transport occurs in a classical anisotropic 
diffusion-advection regime. The change of transport regimes in time results in a two-stage 
structure of concentration tails at later times. The nearest stage of the tail has classical Gaussian 
form and the remote one is of super-diffusive type. 

INTRODUCTION 

To perform reliable safety assessments of the radioactive waste disposals one needs to have 
models adequately describing radionuclide transport in geologic formations. When considering 
radionuclide migration in fractured rocks, advection due to moisture infiltration is the principal 
mechanism of transport over large distances. One of the key factors determining the transport 
characteristics in this case is in that infiltration paths formed by fracture networks represent 
percolation clusters which, as it is well known, have fractal properties. A problem of tracer 
transport in fractal media remains a subject of active interest for a long time [1-5]. The model of 
tracer advection in a random velocity field with long-range correlations reflects the main 
peculiarities of transport in such media. 
This model was repeatedly studied in [6-9], where it has been shown that the tracer transport 
regime is superdiffusive for sufficiently slow power-law spatial decay of velocity correlation 
function. One more important conclusion of the theory [8, 9] is that concentration decay at large 
distances (in the “tail”) is of a contracted exponential type and is faster than a Gaussian one in 
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classical diffusion. Later on the influence of various factors such as finite value of correlation 
length [10] and the presence of traps [11] on the transport regimes in fractal media was analyzed.  
A general assumption accepted in the studies [6-11] is the isotropy of fluctuating velocity field. 
However, the presence of preferred direction, determined e.g. by gravity vector, leads to 
anisotropic properties of the flow and what is more important to violation of the symmetry under 
the space inversion. Description of such flow in fractal media relates to the directed percolation 
problem, which was, for example, investigated in [12-14]. There it has been shown that power-
law decay of correlation functions remains valid in the presence of anisotropy that eventually is 
the result of the self-similarity of fractal media. This allows us to use the ideas of critical 
phenomena theory, similarly to our previous work [8], but in more general formulation. 
The aim of the present paper is to study the tracer transport over fractal medium in the anisotropic 
random advection model with long-range correlations. Special attention is paid to concentration 
behavior at large distances (in concentration tails).  

PROBLEM FORMULATION 

A basis of the random advection model is the equation for tracer particle concentration ( )trc ,r : 

( ) 0=∇+
∂
∂ cv

t
c rr

.  (Eq.1) 

Here  is a time,  is a divergence operator and the advection velocity t ∇
r

( )rv rr  is a random function 
of coordinates, obeying the incompressibility condition 

0=vdiv r ,  (Eq.2) 
It is convenient to represent the advection velocity in the form 
( ) ( )rVurv rrrrr

+= ,  (Eq.3) 
where ( )u v r=

r r  is the mean value of the velocity and ( )rV rr  is its fluctuating part. ...   means 
averaging over an ensemble of the medium realization. 
The main feature of isotropic random fractal medium studied in [8] is the absence of any spatial 
scale in a large spatial interval limited above by a correlation length of the medium. In other 
words, the medium in this interval is self-similar. Taking advantage of the ideas of critical 
phenomenon theory [15] we considered transport processes to be scale invariant. This means that 
a macroscopic transport equation for averaged quantity  remain unchanged under simultaneous 
transformations 

A

rr rr λ→ ,  (Eq.4) 
and 

AA AΔ→ λ ,  (Eq.5) 
where λ  is a real positive parameter. The exponent AΔ  is termed as a scaling dimension of 
quantity A . 
In the presence of preferred direction the scaling transformations (Eq.4), (Eq.5) should be 
generalized [5]. Namely, a separate scaling dimension should be prescribed to each coordinate. 
We will study our problem using Cartesian coordinates { }zr ,ρrr

=  and ( yx,= )ρ
r , with Oz  axis 

directed downward along the gravity vector.  
Under the scaling transformation  
{ } { }1, z βρ → λ ρ λ
r r, z   (Eq.6) 
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a pair velocity correlation  function ( ) ( ) ( ) ( )2
1 2 1 2,zz z zK r r V r V r=
r r r r  for z - component of the 

fluctuating part of the velocity in the fractal interval, which will be defined later, obeys the 
relation 

( ) ( ) ( ) ( )rKrK zz
h

zz
rr 222 −→ λ .  (Eq.7) 

Similar relationship with the replacement 2h−λ  to nh−λ  is valid for z - components of n -point 
correlation functions. 
Now  and β  are exponents characterizing the random velocity field. According to Refs. [7,8], 
the tracer transport at  is determined by short-range velocity distribution where instead of 
scale invariance a statistical homogeneity takes place and therefore the tracer transport 
corresponds to classical diffusion regime. In order to restrict ourselves with the non-trivial case in 
the present paper we consider . For definiteness we also take 

h
1h >

1h < 1>β . 
In accordance with definition, from (Eq.6) and (Eq.7) it follows that scaling dimensions of 
coordinates and zz -component of velocity correlation function are 

11, ,z ρΔ = Δ =
β

  (Eq.8) 

2
zzK hΔ = − .  (Eq.9) 

Taking into account scaling dimensions given by (Eq.8), (Eq.9) and also physical dimensions of 
the quantities entering the definition of the ( ) ( )2

zzK rr  - function the later can be represented in the 
form 

( ) ( )
2

2 2
h

zz

a a
K r V

z z a

β

β
⊥

⎛ ⎞ρ⎛ ⎞
≅ ϕ⎜⎜ ⎟ ⎜⎝ ⎠ ⎝ ⎠

r
⎟⎟ ,  (Eq.10) 

where ρ = ρ
r , and ( )xϕ  is dimensionless function of self-similar variable. To ensure finiteness 

of ( ) ( )2
zzK rr  - function along  axis (Oz 0ρ→

r ) and in ρr -plane ( ) the function 0z → ( )xϕ  obeys 
the following asymptotic behavior: 
( )
( ) 2

0 ,

~ .h

x const

x x−

ϕ → →

ϕ →∞
  (Eq.11) 

The other components of the pair correlation function can be constructed in a similar way using 
the scaling dimensions of velocity components, which are following from the incompressibility 
condition (Eq.2).  
In an isotropic fractal medium the upper boundary of spatial interval of self-similar behavior of 
quantities like (Eq.10) is determined by a correlation length ξ  of the medium. In an anisotropic 
medium two correlation lengths ξ  and ⊥ξ  determine the upper boundaries in vertical and 
horizontal directions, respectively. Thus the expression (Eq.10) as well as similar ones for other 
components of the correlation function is valid in fractal interval: 

,a z a⊥<< << ξ << ρ << ξ⊥ ,  (Eq.12) 
where  and ξ , and a  and are low and upper boundaries of fractal interval in longitudinal 
and transverse directions, respectively.  

a ⊥ ⊥ξ

From (Eq.12) in accordance with (Eq.8) the following relation is valid 
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a a

β

⊥

⊥

ξ ⎛ ⎞ξ
≈ ⎜ ⎟
⎝ ⎠

.  (Eq.13) 

At large distances, when  or z >> ξ ⊥ρ>>ξ  the correlation functions decay exponentially. 
For the mean velocity the following relation may be written [10]: 

~
h

a
u V

⎛ ⎞
⎜ ⎟⎜ ⎟ξ⎝ ⎠

.  (Eq.14) 

In practice it is u  that is determined by external conditions and, in turn, determines the fractality 
scale of the medium. ξ
Let us point out one important difference between our problem and the isotropic random 
advection model. In the isotropic model the components of correlation functions containing an 
odd number of z – components of the velocity under the space inversion transformation change 
their sign and thus should be zero due to the symmetry requirement. In our case the preferred 
direction determined by the gravity vector exists and the symmetry under the inversion of Oz  
direction violates. Thus the odd z-components of correlation function in general are nonzero.  

MACROSCOPIC TRANSPORT EQUATIONS 

Equation for tracer concentration averaged over ensemble of medium realization, 
( ) ( )trctrc ,, rr

= , has the standard form of particle number conservation law: 

0=+
∂
∂ Jdiv

t
c r

,  (Eq.15) 

where  is the macroscopic particle number flux density. Taking the causality principle and 
linearity of the problem into account, we can write the expression for the flux density in the form 

( ,J r t
r r )

( ) ( ) ( )

( ) ( ) ( )

,
, ,

,
, ,

t

i ij
j

t

i i

c r t
J r t dt dr f r r t t

r

c r t
dt dr f r r t t u c r t

t

−∞

−∞

.

′ ′∂
′ ′ ′ ′= − − − −

′∂

′ ′∂
′ ′ ′ ′− − − +

′∂

∫ ∫

∫ ∫

r
r r r r

r
r r r r

  (Eq.16) 

Here response functions (integral kernels) obey the following symmetry properties: the absence 
of the invariance under the transformation z  and the isotropy in the ρ - plane. Thus, only 
three integral kernels in (Eq.13) are nonzero: . 

z→−

zz ff , ρρ

r

zf,

We consider the problem with the initial condition ( ) ( ) ( )0,0c r c r=
r r . Then the averaged tracer 

concentration can be expressed through its initial distribution by 
( ) ( ) ( ) ( )0, ,c r t G r r t c r dr′ ′= −∫
r r r r ′r

)

)

.  (Eq.17) 

Here  is the Green’s function, the Fourier-Laplace transform of which according 
to (Eq.15) and (Eq.16) is 

( ,G r tr

( )( 1
,kpG p M k p

−
= −r

r
,  (Eq.18) 

where 
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( ) ( ) ( )
0 0

, ,pt ikr pt ikr
i j ij i i i i,M k p k k dt e dr e f r t ik p dt e dr e f r t ik u

∞ ∞
− − − −= − −∫ ∫ ∫ ∫

r rr rr r r r r
− . (Eq.19) 

SCALING ANALYSIS 

The scaling dimension of the vertical component of the velocity follows from the definition of 
pair correlation function and (Eq.9): 

h
zv −=Δ .  (Eq.20) 

Taking into account that under the transformation (Eq.6) a volume element changes as 

rdrd rr 3
21

3 βλ
+

→ ,  (Eq.21) 
and the total number of particles in the medium 

( ) rdtrcN rr 3
0 ,∫= ,  (Eq.22) 

remains constant, we arrive at the scaling dimensions of particle density and Green’s function 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−=Δ=Δ
β
21Gc .  (Eq.23) 

Considering the identity J vc=
r r , and using the (Eq.20), (Eq.23) the scaling dimensions of the 

flux density components are obtained as 
21 ,

12 .

zJ

J

h

h
ρ

⎛ ⎞
Δ = − + +⎜ ⎟β⎝

⎛ ⎞
Δ = − + +⎜ ⎟β⎝ ⎠

⎠   (Eq.24) 

From here and from (Eq.15) the expression for scaling dimension of time follows 
ht +=Δ 1 .  (Eq.25) 

And finally, using (Eq.16) for the integral kernels we have the expressions  

( )

21 ,

21 2 ,

3 2 .

z

zz

f

f

f

h

h

h
ρρ

⎛ ⎞
Δ = − + +⎜ ⎟β⎝ ⎠

⎛
Δ = − + +⎜ β⎝ ⎠
Δ = − +

⎞
⎟   (Eq.26) 

The scaling dimensions of Fourier-Laplace variables are 

( )1p t hΔ = −Δ = − + ,  ,  1κΔ = −
1

qΔ = −
β

,  (Eq.27) 

where we distinguish vertical  and horizontal κ qr  components of the wave vector: ( ),k q= κ
r r . 

In accordance with the definition of the Fourier-Laplace transformation we obtain for scaling 
dimension of the Green’s function and mass operator the following expressions 

1
pkG hΔ = + ,  .  (Eq.28) (1

pkM p hΔ = Δ = − + )
Note that the results of this Section are valid only in the fractality interval defined by (Eq.12). In 
the opposite case tracer transport is described by the classical advection-diffusion equation. 
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TRACER CONCENTRATION BEHAVIOR 

In this Section we are going to analyze concentration behavior at times when the tracer plume 
size does not exceed the value of correlation length αξ  ( ⊥ΙΙ= ,α ). As it follows from the results 
of the work [9], at these times tracer transport is determined by the fluctuating part of the 
velocity, and the drift due to the mean velocity ur  can be neglected. Thus in this section we omit 
the last term in the expression (Eq.19). 
According to the results of the previous section the components of the integral kernel of the flux 
density in (Eq.16) take the form 

(
1 2

13~
h

z

aVf
a z

+ + β
⎛ ⎞

ϕ η ς⎜ ⎟
⎝ ⎠

), ,  (Eq.29) 

(
1 2 22

23 ,
h

zz

aVf
a z

+ + β
⎛ ⎞

= ϕ⎜ ⎟
⎝ ⎠

)η ς ,  (Eq.30) 

(
3 22

33 ,
haVf

a z

+

ρρ
⊥

⎛ ⎞
= ϕ⎜ ⎟

⎝ ⎠
)η ς ,  (Eq.31) 

( )
1

1h h

z

a Vt +

η = ,        
( )( ) ( )

1
1 1 1h ha Vtβ + − β +

⊥

ρ
ς = ,   at   ,z a a⊥>> ρ >>  (Eq.32) 

and 

3~z
Vf
a

, 
2

3~zz
Vf
aΙΙ

, 
2

3~ Vf
aρρ
⊥

   at   ,z a a⊥≤ ρ ≤ . (Eq.33) 

In (Eq.29)-(Eq.31) the quantities ( ),αϕ η ς  ( 1,2,3α = ) are functions of two self-similar 
dimensionless variables. 
Now we address the mass operator properties. According to (Eq.19) it can be written in the form 

( ) 2 2, dM k p M q M i pM⊥= κ + + κ
r

,  (Eq.34) 

where M , , ⊥M dM  are determined as Fourier-Laplace transform of the functions , , , 
respectively. 

zzf ρρf zf

It should be noted that in the case when the main area to contribute the integral of  
corresponds to the distances a r ,  are scale invariant quantities with scale 
dimensions obeying the condition 

αM
<< << ξ αM

0>Δ
αM .  (Eq.35) 

The opposite inequality, , corresponds the condition that the integrals over spatial 
variables is determined by small distances 

0<Δ
αM

ar ≤ . In this case we may put the exponential 
function in (Eq.19) equal to unity, so that the values of  will be constants and according to 
(Eq.34) the Green’s function (Eq.18) takes the classical advection-diffusive form. 

αM

Further we will consider two cases: 1) 1h < , 1 2h+ < β ; 2) 1h < , 1 2h+ > β .  

1. , 1h < 21
1 h

< β <
+

 

From (Eq.34) and (Eq.19) it follows 

 6



WM2011 Conference, February 27-March 3, 2011, Phoenix, AZ 

1M hΔ = −   (Eq.36) 

2 1M h
⊥

Δ = β− −   (Eq.37) 
1

dMΔ = .  (Eq.38) 
In this case the main contribution to integrals of (Eq.19) stems from fractality interval of spatial 
variables. The mass operator is scale-invariant quantity. Taking into account the values of scale 
dimensions (Eq.27) and (Eq.28) we arrive at the following representation for M  

( )
( ) ( )

1 1
1 11 1

, , ,
h hh ha V a VM p q
p p

β + −+ β +
⊥

⎛ ⎞ ⎛ ⎞
= − ψ ϑ χ ϑ = κ χ =⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

r r r , (Eq.39) 

where  is a dimensionless function of two self-similar dimensionless variables. From the 
symmetry of our problem all quantities in Fourier-Laplace representation are isotropic in q - 
plane. Therefore we can consider 

( ,ψ ϑ χ
r )

M  as a function of p , κ  and q q=
r : 

( ) (, , );M k p M q p= κ
r

% .  (Eq.40) 

Using (Eq.39) and with taking into account (Eq.18) we can represent the Green’s function 

( )
( ) ( )

2

3,
2 2 ,

l i pt i z iq

l i

dp d d q eG r t
i p M k p

+ ∞ + κ + ρ

− ∞

κ
=

π π −∫ ∫
rrr

r
r   (Eq.41) 

in the form 

( ) ( ) ( )( ) ( ) (
21

1 1 11, ,hh hhG r t a Vt a Vt g
−− β + − β ++

⊥= η
r )ς

)
,  (Eq.42) 

where variables η  and  are defined by (Eq.32) and dimensionless function  possesses 

the property g  if  or 

ς

, 0
( ,g η ς

( )→η ς η→∞ ς→∞ . From expression (Eq.42) we conclude that the 
tracer plume size in vertical and horizontal directions has the following time dependences 

( ) ( )
1

1~ h hR t a Vt + ,  (Eq.43) 

( ) ( )( ) ( )
1

1 1 1~ h hR t a Vtβ + − β +
⊥ ⊥ .  (Eq.44) 

One can see that in the considered interval, 1<h  and 2
1 h

β <
+

, the exponents 
h+1

1  and 

( )
1

1 hβ +
 are larger than 

2
1 . Thus the tracer transport occurs in the super-diffusive regime [4,5] in 

all directions. 
To derive a long-distance asymptotic of G  function we need to know the analytical properties of 
the integrand in (Eq.41). As will be seen below, the main contribution into the integral of  (Eq.41) 
at  and/or  is given by the area 1η >> 1ς >> 0Re,ReIm ><< ppp . So, analyzing the 
analytical properties of the integrand in (Eq.41) we will accept 0,0Im >= pp

0→

. Consider the 
behavior of the mass operator in the two limiting cases: 1) ,0≠ kp

r
, 2) 0, ≠k0→p

r
. 

1) 0,0 →≠ kp
r

. In this case the convergence of the integrals on t  in (Eq.19) is ensured by the 
multiplier . The dependence of the mass operator on wave vectors is determined by a pte−
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decaying regime of the flux kernel  at ikf ∞→r   at a fixed time. One can easily see that ( )trf ik ,  
at large distances decreases faster than any negative-exponent power. Indeed, the very fact of the 
existence of arbitrary high-order velocity correlation function in our problem means that the 
velocity distributions determined by a functional that decreases at large velocities very steeply (in 
fact exponentially). In turn, this means that all power moments on coordinate of the ( )trf ik ,  

function exist.  Therefore the point 0, ≠p0=k
r

 is regular for the function ( , )M k p
r

1

 and we may 

write the following expression for the mass operator at ,1,0 <<<<≠ χϑp : 

( ) ( )
1 2

1 1h hh h+ +⎞⎜
⎟⎜ ⎟
⎠

αa

2
1 1 1

2 2
1 2 3~

h ha V Va a VM p a i a a q
p p p

β + − β +
⊥

⎛ ⎞
⎛ ⎞ ⎛ ⎛ ⎞

− κ + κ +⎜ ⎟ ⎜ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜
⎝ ⎠⎝ ⎠ ⎝⎜ ⎟

⎝ ⎠

⎟
⎟ , (Eq.45) 

where the dimensionless constants  are of the order of unity. 

2) 0,0 ≠→ kp
r

. Here two sub-cases are possible depending on the relation between  and .  κ q

At large longitudinal wave vector ( )
1

1 ha p
V

qa a
+ β

⊥

⎛ ⎞
<< << κ⎜ ⎟

⎝ ⎠
 one has 

( ) ( )1
1, ;0 ~ h h a q

M q Va f
a

β
⊥+

⎛ ⎞
κ − κ ⎜ ⎟

⎟⎜ κ⎝ ⎠
% .  (Eq.46) 

In the opposite case ( )
1

1 ha p
a qa

V

+

⊥

⎛ ⎞
<< κ <

⎝ ⎠
< β

⎜ ⎟  the asymptotics of M  is 

( ) ( ) ( )

( )
1 1 1

2, ;0 ~ h h a

a q β
⊥

κ
⎜
⎜

M q Va q fβ + − β +
⊥

⎛ ⎞
κ − ⎟

⎟
⎝ ⎠

% .  (Eq.47) 

The functions  and  approach constants when their arguments tend to zero. 1f 2f
From the asymptotic behavior of mass the operator at small values of wave vector an important 
difference from isotropic case follows. In isotropic case only even spatial moments of tracer 
concentration over each coordinate exist. For example, elementary calculations give the following 
expression  for the second moment of concentration space distribution: 

( ) ( ) ( )
22

2, = 22 1 2 2 1
0

0, 0

~
2

pt h h
kp

q

dpz N z c r t dz d G e a Vt R t
i

− +

κ= =

∂
≡ ρ −

∂κ π∫ ∫ r
r ~  (Eq.48) 

Note that the first concentration moment in anisotropic model is nonzero. Evaluation similar to 
(Eq.48) with taking into account of (Eq.45) gives the estimate: 

( ) 2~ ~z R t z .  (Eq.49) 

Thus anomalous time-dependent drift of tracers takes place, so that the displacement of the tracer 
plume mass-center is described by the same time law as the square root of tracer dispersion. One 
can easily see that at times when the plume size is much smaller than correlation length, ξtt << , 
where 

1 h

ht
a V u

+

ξ

ξ ξ
≈ = ,  (Eq.50) 
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the tracer displacement stipulated by this time-dependent drift is essentially larger than that 
determined by the drift with the mean velocity u  

( )
1

1h hz a Vt u+ >> t ,     .  (Eq.51) ξtt <<
Let us now proceed to the Green’s function (and, therefore, concentration) behavior at 
asymptotically large distances (in the tails). One can distinguish two regions (relatively large and 
small values of vertical coordinates) divided by a boundary ( ),z Z t= ρ%  in which the behavior of 

concentration tails is different. An expression for ( ),z Z t= ρ%  will be derived later. 

Consider the domain . Supposing the value of q  satisfying the inequality 

 we will consider q  as small real positive parameter. From the asymptotical 

expressions given by (Eq.45)-(Eq.47) we conclude (see, e.g., [8]) that 

( ,z Z t>> ρ% )

)
( )qa aβ

⊥ << κ

( ,M k p
r

 as a function of 

κ  has a branch point lying for real p  and  at the imaginary axis q ( ),bi p qκ , in the vicinity of 
which the mass operator can be approximately represented as 

( )
( )( )

2

1
2

, ; ~
,

h

b

M q p
i p q

−

κ
κ −

κ − κ

% .  (Eq.52) 

Shifting the integration contour into the upper half-plane of the complex κ - variable we come to 
the conclusion that the integral over κ  in (Eq.41) is determined by the residue in the nearest to 
the real axis pole (0 , )p qκ , which satisfies the equation 

( )0 , ; 0p M q p− κ =% .  (Eq.53) 

Taking into account the mass operator expansion over q  at ( )
1

1 ha p
qa

V

+β
⊥

⎛ ⎞
<< ⎜ ⎟

⎝ ⎠
, we arrive at  

( )
1 1 2

21 1
0 , h hp q i Bp Fp q

− β
+ +

⎛
κ ≈ +⎜

⎝ ⎠

⎞
⎟ ,  (Eq.54) 

where B  and  are real and positive constants of the order of unity determined by the solution 
of (Eq.53). Finally the integral in (Eq.41) within a pre-exponential factor takes the form 

F

( )

1 1 22
21 1

2~ exp
2 2

h hdp d qG pt Bp z Fp z
i

− β
+ +

⎛ ⎞
− − +⎜π π ⎝ ⎠

∫ ∫∫ q iqρ⎟
rr . (Eq.55) 

The integral over q  is Gaussian and thus is calculated exactly. The main contribution to its value 
is determined by  of the order of q

2 1
1

0~ hq p
z

β−
+ρ .  (Eq.56) 

To perform integration over p  the saddle-point technique was used and the important area of 
p was determined by 

( )

1

1
0 ~

h
hzp t

R t

+

− ⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

.  (Eq.57) 

Finally for concentration tail we come to an approximate expression 
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( )
( )

2 2 1
1~ exp hG

R t

−
β +

⊥

⎛ ⎞⎛ ⎞ρ⎜−Γ − Γ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎟ ,  (Eq.58) 

where  is determined by 1Γ >>

( )

1 h
hz

R t

+

⎛ ⎞
Γ ⎜ ⎟⎜ ⎟

⎝ ⎠
.  (Eq.59) 

Formula (Eq.58) is valid under the condition that the main values of κ  and  determining the 

integrals satisfies inequality 

q

( )a qa β
⊥κ >> . Substituting the estimates for κ  from (Eq.54),  

from (Eq.56) and 
q

p from (Eq.57) into the above inequality we conclude that the region of validity 
of (Eq.58) and (Eq.59) is 

( ) ( )
( )( )
( )

1 1
1

,

h
hR t

z Z t

β β− +
β− +β

⊥β ⎛ ⎞
>> ρ ≈ ρ ⎜ ⎟ρ⎝ ⎠

% .  (Eq.60) 

In the area  we begin calculations in (Eq.41) with the integration over q( ,z Z t<< ρ% ) r . Using 
relations between Bessel and Hankel functions [16] we get 

( ) ( )
( )
10

0

02 2 4 ,

pt i zl i i

l i i

e H qdp d qdqG
i p M k p

+ κ+ ∞ +∞ +∞+

− ∞ −∞ −∞+

ρκ
=

π π π −∫ ∫ ∫ r .  (Eq.61) 

Then taking advantage of the asymptotics of ( ) ( )1
0H qρ  for 1qρ >>  and making successive 

integrations over , q κ  and p  we arrive (within a pre-exponential factor) at 

( )
( )

2 1
1~ exp

h
h

z R t
G

R t

−
+

⊥ ⊥

⎛ ⎞⎛ ⎞−⎜ ⎟
⎟

−Γ − Γ⎜ ⎟⎜ ⎟⎜ ⎝ ⎠⎝ ⎠
,    ( ),z Z t<< ρ%  (Eq.62) 

where  is determined as 1⊥Γ >>

( )

( )
( )

1
1 1

~

h
h

R t

β +
β + −

⊥
⊥

⎛ ⎞ρ
Γ ⎜ ⎟⎜ ⎟

⎝ ⎠
.  (Eq.63) 

2. 2
1 h

< β
+

 

In this case from the condition  and the expression (Eq.36) it follows that the properties of 1<h
M  remains valid and its contribution to mass operator, as before, has scale-invariant form 

( ) ( )
1

1~ ,
hh

h
Va a q

M f
p a

+ β
⊥+

⎛ ⎞κ⎜κ
⎜ κ
⎝ ⎠

% ⎟
⎟

.  (Eq.64) 

As to the integrals for M⊥ , the very fast decay of correlation functions with distance leads to that 
the main area to contribute the integrals corresponds to ar ≤ . Thus the expression for the mass 
operator takes the form 
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( ) ( )
1

1 2~ ,
hh

h
Va a q

M A f A q
p a

+ β
⊥+

⊥

⎛ ⎞κ⎜− κ −
⎜ κ
⎝ ⎠

% ⎟
⎟

.  (Eq.65) 

At first sight, the expression (Eq.65) contains a contradiction that scaling dimension of q  
determined by the second term in (Eq.65) differs from the scaling dimension following 

from (Eq.64). But one can easily see that under the condition 2 1 h< +
β

 in the wave vector area 

 (that is when the contribution of the first term in (Eq.65) dominates) the 

relation ( )  is valid. Hence it follows that corrections due to the second argument of 

( ) ( )1 2h
a a

+

⊥κ >>

a q β
⊥ <<

f

q

a κ
~  function can be neglected. 

From (Eq.65) it follows the tracer plume size temporal dependence in two directions 

( ) ( )
1

1~ h hR t a Vt + ,  (Eq.66) 

tAR ⊥⊥ ~ .  (Eq.67) 
 The concentration behavior in tails in this case is also different in two spatial regions. In the 
domain  the “characteristic” equation (Eq.53) for the residue ( ) ( )1 2h

a a
+

⊥κ >> q )(0 ,p qκ  taking 
account of (Eq.65) has the form 

( )12 1

1 0
hhh VaA q A f

p p p

+
+

⊥
⎛ ⎞κκ ⎜ ⎟+ + =
⎜ ⎟
⎝ ⎠

% ,  (Eq.68) 

whence, expanding the expression for the root of the (Eq.68) ( )0 ,p qκ  over small quantity 

1
2

<<⊥

p
qA

, we get 

( )
1

21 1
0 ,

h
h hp q i Bp Fp q

−
+ +

⎛
κ ≈ +⎜

⎝ ⎠
% % ⎞

⎟ .  (Eq.69) 

The integral over q  is Gaussian and can be calculated exactly. Using the saddle-point technique 
for integration over p , we find that the long-distance asymptotic expression for the Green’s 
function up to a pre-exponential factor is 

( )

2

~ expG
R t⊥

⎛ ⎞⎛ ⎞ρ⎜−Γ −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎟ ,  (Eq.70) 

where   is determined by the expression (Eq.59). Γ
Taking into account that the dominant values of variables in integrals are of the order of 

( ) ( )

1 21
11~ , ~ , ~

h
h

h zp p t q
R t R

+

−+
∗ ∗ ∗

⊥

⎛ ⎞ ⎛ ⎞ρ
κ ⎜ ⎟ ⎜⎜⎜ ⎟ ⎝ ⎠⎝ ⎠ t ⎟⎟ ,  (Eq.71) 

we conclude that (Eq.70) is valid in the domain determined by 
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( ) ( )

12 hh
z

R t R t

+

⊥

⎛ ⎞⎛ ⎞ρ
<< ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

.  (Eq.72) 

Similar calculations for the case ( )  lead to the result that in the region ( )1 2h
a a

+

⊥κ << q

( ) ( )

12 hh
z

R t R t

+

⊥

⎛ ⎞⎛ ⎞ρ
>> ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

  (Eq.73) 

asymptotic behavior of concentration is described by 

( )
( )

2 1
2 1~ exp

h
hzG

R t

−
+

⊥ ⊥

⎛ ⎞⎛ ⎞
⎜−Γ − Γ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

% % ⎟ ,  (Eq.74) 

where 

( )

2

R t⊥
⊥

⎛ ⎞ρ
Γ ⎜⎜

⎝ ⎠
% ⎟⎟ .  (Eq.75) 

TRACER TRANSPORT AT LARGE TIMES 

As it follows from (Eq.43) and (Eq.44) at times t tξ>> , where tξ  is determined by (Eq.50), the 
plume size exceeds the correlation length of the medium. The main area of integration in the 
expression (Eq.41) is concentrated near 1~p t− , 1~k r− , and thus in this case we are interested in 
the mass operator asymptotic for 

1−κ << ξ ,    ,  (Eq.76) 1q −
⊥<< ξ

Bearing in mind that at large scales ,z ⊥>> ξ ρ >> ξ  the velocity correlators as well as flux 
kernels (Eq.29), (Eq.30), (Eq.31) decay exponentially, in the domain of the wave vector values 
(Eq.76) we can estimate the quantities Mα  introduced in (Eq.34) as follows: 

~M D uξ= ξ .  (Eq.77) 
2 1~M D −

⊥ ξ⊥ ⊥ ξ= ξ t .  (Eq.78) 

1~ ~
h

d

a 1M p V p u− ⎛ ⎞
⎜ ⎟⎜ ⎟ξ⎝ ⎠

− .  (Eq.79) 

where effective diffusivities D  and ξ Dξ⊥  are introduced and the relation for the mean advection 
velocity (Eq.14) is used. 
In addition, at these times we have to take into account the last term in (Eq.19) which has the 
form of uiκ  and corresponds to the drift with constant velocity. One can easily see, that the 
contribution of  from (Eq.79) is similar to that given by di pMκ uiκ , and thus leads only to some 
renormalization of the mean drift velocity uu ~→ . As a result the mass operator takes the form 

2 2M i u D D qξ ξ⊥≅ − κ − κ −% ,  (Eq.80)  
and we come to the following expression for the Green’s function  

( )
( )2 2

3 2 3 2

1 exp
4 44
z ut

G
D t D tD D t ξ ξξ⊥ ξ

⎛ ⎞− ρ
≈ −⎜

⎜π ⎝ ⎠

%

⊥

− ⎟
⎟

. (Eq.81) 
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In the tails the integral (Eq.41) is determined by the values of the wave vectors  

~ , ~
2 2

z q
D t D tξ ξ

ρ
κ

⊥

,  (Eq.82) 

and at the distances 

,z ut
t
⊥

ξ

ξ
>> ρ >>% t   (Eq.83) 

we return to the mass operator in the form (Eq.46) and (Eq.47). Thus at these distances 
concentration is determined by (Eq.58) and (Eq.62), resulting in two-stage structure of the 
concentration tail. 

CONCLUSIONS 

In summary, the influence of strong anisotropy on random advection in a fractal media was 
studied. We found that the transport regimes are determined by two parameters (  and h β ) 
characterizing advection velocity field.  
When the decay of velocity correlation function is sufficiently slow, 1<h , and flow anisotropy is 

moderate, 21
1 h

< β <
+

, super-diffusive transport takes place in all directions. Concentration 

decay at long distances (in concentration tails) is of exponential type. Transverse size of 
concentration signal undergoes to contraction at asymptotically large distances. One can say that 
tracer transport in concentration tails has the needle form. 

For strong anisotropy, 2
1 h

β >
+

, 1<h , the transport regime in the vertical direction remains 

super-diffusive as before, but in horizontal plane it turns out to be of classical diffusion. The 
analysis of the tracer behavior in tails showed that it is non-classical in both directions. 
At times when tracer plume size is less than correlation length an anomalous time-dependent drift 
occurs being much faster than one determined by advection with the mean velocity. The square of 
the displacement of plume mass-center is described by the same time-law as the dispersion of the 
tracer plume in the vertical direction. 
At large times, when the tracer plume size exceeds the correlation length, the transport occurs in 
the classical regime of anisotropic advection-diffusion with the diffusivity tensor. The tails in this 
case consist of two stages with the nearest stage corresponding to classical regime and the remote 
one formed by earlier super-diffusive regime. 
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